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In a Polish group G , a property is said to hold for a generic g ∈ G if the set on which it
does not hold is meager in G; a property holds for almost every (ae) g ∈ G if the set on
which it does not hold is Haar null. In this paper we study the properties of generic and
ae elements of the Baer–Specker Group ZZ, the space of all self-maps of Z. We ﬁnd that
with respect to most of the properties under consideration in this paper, the properties of
a generic element and ae element are complementary. Our results are similar in ﬂavor to
results by Dougherty and Mycielski for the group S∞ of all permutations of N.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Many recent papers have been concerned with the study of Haar null subsets of various Polish groups. For example,
Hunt proved in [6] that the set of functions in C[0,1] which are differentiable at some x is Haar null, where C[0,1] is the
group of continuous real-valued functions on [0,1]. Thus, almost every f ∈ C[0,1] is nowhere differentiable; Hunt noted
that this is also true of a generic f ∈ C[0,1], a fact which was proven by Banach. More recently, Zajícˇek proved that the set
of all f ∈ C[0,1] which have a (possibly inﬁnite) derivative f ′(x) at some x is neither Haar null nor co-Haar null [9]. Zajícˇek
called such a set H-ambivalent and noted that, as this set is known to be meager in C[0,1], “the ‘Haar null’ case differs from
the ‘category’ case” (p. 1144 of [9]). Now consider S∞ , the group of all permutations on N. We have the following pair of
theorems, the ﬁrst proven by Truss in [8], and the second by Dougherty and Mycielski in [5].
Theorem 1. (See [8].) A generic σ ∈ S∞ has no inﬁnite cycle and inﬁnitely many cycles of length k for all k ∈ N.
Theorem 2. (See [5].) Almost every σ ∈ S∞ has inﬁnitely many inﬁnite cycles and only ﬁnitely many ﬁnite cycles.
It follows from Theorems 1 and 2 that S∞ may be decomposed into a meager and a Haar null subset. Our main results
are similar in ﬂavor to Theorems 1 and 2, and we will see that such a decomposition of ZZ exists as well. (To our knowledge,
no such decomposition of the group C[0,1] has been found.)
2. Preliminaries
Let G be an abelian Polish group; i.e., an abelian topological group whose topology is separable and completely metriz-
able. A subset S ⊆ G is meager (or, of the ﬁrst category) if S is the countable union of nowhere dense sets. A universally
✩ This is part of the author’s dissertation, which was completed under the direction of Professor Udayan B. Darji. The results in this paper were presented
in 2006 at the 30th Annual Summer Symposium in Real Analysis in Asheville, NC, and at the XII Meeting on Real Analysis and Measure Theory in Ischia,
Italy.
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g ∈ G [4]. S ⊆ G is Haar null if and only if it is contained in a universally measurable Haar null set. The complement
of a meager [respectively, Haar null] set is comeager [co-Haar null]. A set which is neither Haar null nor co-Haar null is
H-ambivalent. We will freely use the fact that the class of meager subsets of G forms a σ -ideal, as does the class of Haar
null sets. If the set S = {g ∈ G: g does not have property P } is meager in G , then we say that a generic g ∈ G has prop-
erty P . If S is Haar null, then we say that almost every (ae) g ∈ G has property P .
The Baer–Specker Group ZZ , the self-maps of Z, is a nonlocally compact Polish abelian group endowed with the product
topology and pointwise addition. The properties of ZZ have been studied in papers such as [1–3]. Let Z<Z be the set of all
mappings from a ﬁnite subset of Z into Z. The set of all sets of the form
[σ ] = {φ ∈ ZZ: φ(n) = σ(n) ∀n ∈ dom(σ )},
where σ ∈ Z<Z and dom(σ ) denotes the domain of σ , is a basis of open sets for ZZ .
For any n ∈ Z and φ ∈ ZZ , let φ0(n) = n, φ1(n) = φ(n), and φk+1(n) = φ(φk(n)) for k  1. The sets φ−1(n) and Pn,φ are
the preimage and the predecessor set of n under φ, respectively, deﬁned by
φ−1(n) = {m ∈ Z: φ(m) = n} and
Pn,φ =
{
m ∈ Z: φk(m) = n for some k ∈ N}.
Note that φ−1(n) ⊆ Pn,φ , and the inclusion may be strict.
To each φ ∈ ZZ , we associate a graph Γφ . The graph Γφ is the functional digraph of φ; that is, Γφ is the directed graph
whose vertex set is Z, and whose edge set consists of all directed edges (m,n) where φ(m) = n. For any two distinct vertices
m and n in a graph Γφ , a path of length k from m to n is a sequence of vertices m = n0,n1, . . . ,nk = n such that for each
0  i  k − 1, either (ni,ni+1) or (ni+1,ni) is an edge of Γφ . The component of Γφ containing n, denoted by [n]φ , is the set
consisting of the vertex n, together with the set of all vertices m such that there exists a path from m to n. A cycle of
length k in a graph Γφ is a set of vertices which can be written as {n0, . . . ,nk−1}, where φ(ni) = ni+1 for 0 i < k − 1 and
φ(nk−1) = n0. Before we proceed, we make note of the following facts which will be used in the proofs of the main results.
Fact 1. No component of a graph Γφ contains more than one cycle.
Fact 2. If {n0, . . . ,nk−1} is a cycle contained in an inﬁnite component of a graph Γφ , then at least one vertex in the cycle
must have an inﬁnite predecessor set.
Fact 3. Let n,m be vertices in a graph Γφ . Then m ∈ [n]φ if and only if φr(n) = φs(m) for some r, s ∈ N ∪ {0}.
Fact 4. If [n]φ is an inﬁnite component of a graph Γφ with the property that every vertex in [n]φ has an edge entering it,
then every vertex in [n]φ must have an inﬁnite predecessor set.
3. Main results
Theorem 3 (Structure of a generic mapping in ZZ). A generic φ ∈ ZZ has the following properties.
(1) φ−1(n) is inﬁnite for each n ∈ Z; in particular φ is surjective and not injective.
(2) Every component of Γφ is inﬁnite and contains exactly one cycle.
(3) For all k ∈ N, Γφ has inﬁnitely many components with cycles of length k.
Theorem 4 (Structure of almost every mapping in ZZ). Almost every φ ∈ ZZ has the following properties.
(1) φ is not a surjection and Z \ φ(Z) is inﬁnite.
(2) Pn,φ is ﬁnite for all n ∈ Z. Moreover, there exists a ﬁnite set Fφ ⊆ Z such that φ is injective on Z \ Fφ .
(3) A component of Γφ contains a cycle if and only if it is a ﬁnite component.
(4) Γφ has at most ﬁnitely many cycles.
(5) Γφ has inﬁnitely many inﬁnite components and at most ﬁnitely many ﬁnite components.
Proof of Theorem 3. For n ∈ Z and l,k ∈ N, we deﬁne
Bn,k =
{
φ ∈ ZZ: ∣∣φ−1(n)∣∣ k},
Cn =
{
φ ∈ ZZ: [n]φ contains a cycle
}
,
Dl,k =
{
φ ∈ ZZ: Γφ contains at least l cycles of length k
}
.
Note that each of these sets is open in the product topology on ZZ .
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|τ−1(n)| k. Then τ ∈ [σ ] ∩ Bn,k , and the set Bn,k is dense in ZZ . For each n ∈ Z, the set Bn =⋂k∈N Bn,k is comeager in ZZ ,
and thus the set
⋂
n∈Z Bn is comeager in ZZ as well. Property (1) of the theorem follows.
Recall that for any φ ∈ ZZ , any component of Γφ contains at most one cycle by Fact 1. Observe that for each n ∈ Z,
Cn is a dense open subset of ZZ . Thus
⋂
n∈Z Cn is comeager in ZZ , and a generic φ has the property that every component
contains exactly one cycle.
Fix l,k ∈ N. Note that for any basic element [σ ], we can construct a function τ : Z → Z in such a way that τ agrees
with σ on dom(σ ) and τ contains l cycles of length k. Thus each set Dl,k is dense in ZZ . Now Dk =⋂l∈N Dl,k is comeager
in ZZ . It follows from Fact 1 that any φ ∈ Dk has the property that Γφ has inﬁnitely many components with cycles of
length k. Now D :=⋂ Dk is comeager in ZZ and each φ ∈ D has property (3). To complete the proof of the theorem,
observe that the intersection of the sets with the aforementioned properties is also comeager in ZZ . 
We now proceed to the proof of Theorem 4. For the remainder of this section, μ will denote a Borel probability measure
on ZZ , deﬁned as follows. For each k ∈ Z, let μk be the uniform probability measure on Z with support set supp(μk) =
{1,2, . . . ,2|k|}. Let μ be the product measure on ZZ , so that for any basic open set [σ ], we have
μ
([σ ])= ∏
k∈dom(σ )
μk
(
σ(k)
)
.
Then μ is a measure on all Borel subsets of ZZ [7].
The following notation will be used in many of the proofs below. We denote by σk,n the function in Z<Z which satisﬁes
dom(σk,n) = {k} and σ(k) = n. Note that
μ
([σk,n])=
{
0 if n /∈ supp(μk),
1
2|k| if n ∈ supp(μk).
Lemma 1. The set of surjections S = {φ ∈ ZZ: φ(Z) = Z} is Haar null.
Proof. Observe that S =⋂n∈Z⋃k∈Z[σk,n], and S is Borel. Let ψ ∈ ZZ and  > 0. Choose l ∈ N satisfying 21−l <  . Choose
n0 ∈ N large enough that n0 + ψ(i) > 2l for every −l i  l. Now
μ(S + ψ)μ
(⋃
k∈Z
[σk,n0 ] + ψ
)

∑
k∈Z
μ
([σk,n0 ] + ψ)
∞∑
k=l+1
2
2k
= 2
2l
< .
Thus S is Haar null. 
Lemma 2. The set P = {φ ∈ ZZ: |φ−1(n)| = ω for some n ∈ Z} is Haar null.
Proof. For each n ∈ Z, let Pn = {φ ∈ Z: |φ−1(n)| = ω}. Note that P =⋃n∈Z Pn . We will show that each set Pn is Haar null.
Fix n ∈ Z. The set Pn is Borel, as it is the intersection of the sets {φ ∈ ZZ: |φ−1(n)| k} over all k. Let ψ ∈ ZZ and  > 0.
Choose l ∈ N so that 22−l <  . Note that Pn + ψ ⊆⋃∞k=l([σk,n+ψ(k)] ∪ [σ−k,n+ψ(−k)]). Now
μ(Pn + ψ)μ
( ∞⋃
k=l
([σk,n+ψ(k)] ∪ [σ−k,n+ψ(−k)])
)

∞∑
k=l
2
2k
= 2
2
2l
< .
Thus Pn is Haar null. 
Lemma 3. The set C = {φ ∈ ZZ: Γφ contains inﬁnitely many cycles} is Haar null.
Proof. We say that a vertex m in a graph Γφ is a minimal vertex of a cycle {n0, . . . ,nk−1} if m ∈ {n0, . . . ,nk−1} and |m| |ni |
for each 0 i  k − 1. For each m ∈ N, let
Cm =
{
φ ∈ ZZ: Γφ contains a cycle whose minimal vertex is m or −m
}
.
Observe that C =⋂∞n=1⋃∞k=n Ck , so C is Borel.
Let ψ ∈ ZZ be arbitrarily chosen. Fix m ∈ N. Let φ + ψ ∈ Cm + ψ . Then there exists m′ ∈ Z such that |m′|m and either
(φ + ψ)(m′) = m + ψ(m′), in which case φ + ψ ∈ [σm′,m+ψ(m′)], or (φ + ψ)(m′) = −m + ψ(m′), in which case φ + ψ ∈
[σm′,−m+ψ(m′)]. It follows that Cm + ψ ⊆⋃ m′∈Z
|m′ |m
([σm′,m+ψ(m′)] ∪ [σm′,−m+ψ(m′)]), so
μ(Cm + ψ)μ
( ⋃
m′∈Z′
[σm′,m+ψ(m′)] ∪ [σm′,−m+ψ(m′)]
)

∑
|m′ |m
2
2|m′ |
= 2
3
2m
.|m |m
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μ
( ∞⋃
k=n
(Ck + ψ)
)

∞∑
k=n
μ(Ck + ψ)
∞∑
k=n
23
2k
= 2
4
2n
.
Since C + ψ ⊆⋃∞k=n(Ck + ψ) for every n, we have that μ(C + ψ) = 0. 
Lemma 4. Fix l ∈ N. The setDl = {φ ∈ ZZ: |φ(n)| |n| + l for inﬁnitely many n ∈ Z} is Haar null.
Proof. Observe that Dl ⊆⋂∞n=1⋃|i|n(⋃|i|+lj=−(|i|+l)[σi, j]). The set on the right-hand side of this inclusion is Borel; we will
show that it is Haar null.
Let ψ ∈ ZZ . Now μ(⋃|i|+lj=−(|i|+l)[σi, j] + ψ) 2(|i|+l)+12|i| , so
μ
( ⋃
|i|n
( |i|+l⋃
j=−(|i|+l)
[σi, j] + ψ
))

∑
|i|n
2(|i| + l) + 1
2|i|
→ 0 as n → ∞.
It follows that μ(
⋂∞
n=1
⋃
|i|n(
⋃|i|+l
j=−(|i|+l)[σi, j] + ψ)) = 0. Now this set is Haar null and contains a shift of Dl; thus Dl is
Haar null. 
Lemma 5. The set F = {φ ∈ ZZ: |Pn,φ | = ω for some n ∈ Z} is Haar null.
Proof. Decompose F into sets F1 and F2, deﬁned as
F1 =
{
φ ∈F : ∣∣φ−1(n)∣∣< ω for all n},
F2 =
{
φ ∈F : ∣∣φ−1(n)∣∣= ω for some n}.
The set F2 is Haar null, as it is a subset of the Haar null set P of Lemma 2, so we need only show that F1 is Haar null to
prove the lemma. We will show that F1 ⊆D1, where D1 is the set deﬁned in Lemma 4 with l = 1.
Let φ ∈F1 and choose n ∈ Z so that Pn,φ is inﬁnite. As each integer has ﬁnite preimage and inﬁnite predecessor set, there
must exist a sequence of distinct integers (mk)k∈N such that φk(mk) = n and φ(mk+1) =mk . Deﬁne an increasing sequence
(N j) ⊆ N and subsequence (mkj ) of (mk) inductively as follows. Choose N1 so that N1 > |n|. Let k1 =min{k: |mk| N1}. For
j ∈ {2,3, . . .}, choose N j > |mkj−1 | and k j = min{k: |mk| N j}. Now |φ(mkj )| < |mkj | for all j ∈ N, and so F1 ⊆D1. Thus F1
is Haar null. 
Corollary 1. LetK be the set of all φ ∈ ZZ such that Γφ has an inﬁnite component containing a cycle. Then,K is Haar null.
Proof. Let φ ∈ K. Let {n0, . . . ,nk−1} be a cycle in Γφ such that the component containing {n0, . . . ,nk−1} is inﬁnite. Then
by Fact 2, Pni ,φ is inﬁnite for some ni ∈ {n0, . . . ,nk−1}. Now K ⊆ F , where F is deﬁned as in Lemma 5, and so K is Haar
null. 
Lemma 6. Let J be the set of all φ ∈ ZZ such that there are inﬁnitely many pairs n1 
= n2 ∈ Z satisfying φ(n1) = φ(n2). Then, J is
Haar null.
Proof. We will prove that J is the union of two Haar null sets. Let φ ∈ J ; then there are two possible cases which may
occur.
Case 1. There exists a ﬁxed n ∈ Z such that there are inﬁnitely many n′ 
= n satisfying φ(n′) = φ(n). Observe that, if this
occurs, then φ−1(φ(n)) is an inﬁnite set. So the set of all φ ∈J satisfying Case 1 is contained in the set P of Lemma 2, and
is thus Haar null.
Case 2. Given any pair n1 
= n2 with φ(n1) = φ(n2), there are at most ﬁnitely many n′ satisfying φ(n1) = φ(n2) = φ(n′).
Let J be the subset of J consisting of all φ ∈J which satisfy Case 2. For each m ∈ N, let
Jm =
{
φ ∈ ZZ: φ(n1) = φ(n2) for some n1 
= n2, |n2| |n1|m
}
.
Then J ⊆⋂∞m=1 Jm . The set ⋂∞m=1 Jm is Borel; we will show that it is Haar null.
Let ψ ∈ ZZ be arbitrarily chosen. Fix n1,n2 ∈ Z with n1 
= n2, and assume without loss of generality that |n2|  |n1|.
Consider the μ-measure of the set {φ + ψ ∈ ZZ + ψ: φ(n1) = φ(n2)}. Observe that if φ + ψ ∈ {φ + ψ: φ(n1) = φ(n2)} ∩
supp(μ), then
(φ + ψ)(n1) = k for some k ∈ supp(μn1 ), and (φ + ψ)(n2) = k − ψ(n1) + ψ(n2).
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Now
μ
( ⋃
k∈supp(μn1 )
[σk]
)

∑
k∈supp(μn1 )
μ
([σk]) ∑
k∈supp(μn1 )
1
2|n1|
1
2|n2|
= 1
2|n2|
.
Thus the μ-measure of the set {φ + ψ: φ(n1) = φ(n2)} is no more than 12|n2 | .
Fix m ∈ N. For any n1 
= n2 ∈ Z with |n2| |n1|m,
Jm + ψ ⊆
⋃
|n1|m
⋃
|n2||n1|
{
φ + ψ: φ(n1) = φ(n2)
}
, so
μ( Jm + ψ)
∑
|n1|m
∑
|n2||n1|
μ
({
φ + ψ: φ(n1) = φ(n2)
})

∑
|n1|m
∑
|n2||n1|
1
2|n2|
= 2
4
2m
.
It follows that μ(
⋂∞
m=1 Jm + ψ) = 0. Since J ⊆
⋂∞
m=1 Jm , the set J is Haar null as well. 
Lemma 7. Let M be the set of all φ ∈ ZZ such that either Γφ has inﬁnitely many ﬁnite components, or Γφ has only ﬁnitely many
components. Then,M is Haar null.
Proof. Observe that, for any φ ∈ ZZ , if a component of Γφ is ﬁnite, it must contain a cycle. So the set of functions φ such
that Γφ contains inﬁnitely many ﬁnite components is contained in the Haar null set C of Lemma 3.
Now ﬁx l ∈ N and let Ml = {φ ∈ ZZ: Γφ contains exactly l components}. Write Ml as the union(Ml ∩ (Dl+1 ∪J ))∪ (Ml ∩ (Dl+1 ∪J )c),
where Dl+1 and J are deﬁned as in Lemmas 4 and 6, respectively. Now Ml ∩ (Dl+1 ∪ J ) is Haar null, as it is contained
in the Haar null set Dl+1 ∪J . We claim that Ml ∩ (Dl+1 ∪J )c is empty. Suppose not; let φ ∈ Ml ∩ (Dl+1 ∪J )c . We will
use Fact 3 to obtain a contradiction. Since φ /∈ Dl+1, we may choose N1 ∈ N so that |φ(i)| > |i| + l + 1 for all |i|  N1,
and since φ /∈ J , we may choose N2 ∈ N so that φ(i1) 
= φ(i2) for all |i1|, |i2|  N2. Let N = max{N1,N2}. Consider the
vertices N,N + 1, . . . ,N + l. As φ ∈ Ml , at least two of these vertices must lie in the same component. Call these vertices
u and v , and assume without loss of generality that N  u < v  N + l. By Fact 3, φr(u) = φs(v) for some r, s ∈ N ∪ {0}.
Observe that since u  N1, |φ(u)| > u + l + 1 > v; in particular, φ(u) 
= v . Moreover, (|φr(u)|)r∈N is a strictly increasing
sequence, so φr(u) 
= v for any r ∈ N ∪ {0}. By a similar argument, we have φs(v) 
= u for any s ∈ N ∪ {0}. So, there exist
r, s 1 such that φr(u) = φs(v). Let u′ = φr−1(u) and v ′ = φs−1(v). Now |u′|, |v ′| N2 so we have φ(u′) 
= φ(v ′). But then
φr(u) = φ(u′) 
= φ(v ′) = φs(v), contrary to assumption. Thus Ml ∩ (Dl+1 ∪J )c is empty. 
Proof of Theorem 4. Let
G = (S ∪ C ∪F ∪K ∪J ∪M)c,
where the sets in the union are deﬁned as in Lemmas 1, 3, 5, 6 and 7, and Corollary 1. As the class of Haar null sets form a
σ -ideal in ZZ , the set G is co-Haar null. Let φ ∈ G . Clearly φ has properties (2) and (3) of the theorem by the deﬁnitions of
the sets F , J , and K. Since φ /∈M, Γφ has inﬁnitely many components and at most ﬁnitely many of these components are
ﬁnite, so property (5) is satisﬁed. Since a component of Γφ contains a cycle if and only if it is ﬁnite, and there are at most
ﬁnitely many ﬁnite components, we have that property (4) holds. It remains to show that property (1) holds. Clearly φ is
not surjective, since φ /∈ S . Now let [n]φ be any inﬁnite component of Γφ . Suppose that every vertex in [n]φ has an edge
entering it. Then by Fact 4, Pn,φ is an inﬁnite set, contradicting that φ /∈ F . So every inﬁnite component of Γφ contains a
vertex v such that no edge of Γφ enters v; each such vertex v lies in Z \ φ(Z), and so Z \ φ(Z) is an inﬁnite set. 
4. H-ambivalent subsets ofZZ
In this ﬁnal section, we show that properties (2) and (4) of Theorem 4 cannot be strengthened. We will make use of
the well-known fact (see [9], for example) that if S ⊆ G has the property that, for any compact subset K of G , there exists
gK ∈ G with K + gK ⊆ S , then S is not Haar null. For the remainder of the section, K will denote an arbitrary compact
subset of ZZ . As K is compact, we may assume that K is contained in a set of the form
∏
i∈Z Ki , where Ki = [−pi, pi].
Proposition 1. The set I consisting of all injective mappings in ZZ is H-ambivalent.
Proof. Let σ be any non-injective mapping in Z<Z; then [σ ] ⊆ Ic and so Ic is not Haar null because it contains a nonempty
open set. Choose a sequence {ci}i∈Z recursively as follows. Let c0 = 0, and choose the ci so that −pi + ci > pi−1 + ci−1 for
all i ∈ Z. Let ψK :Z → Z be deﬁned by ψK (i) = ci for all i ∈ Z. Then K + ψK ⊆ I and I is not Haar null. 
60 S.C. White / J. Math. Anal. Appl. 353 (2009) 55–60Proposition 2. The setN = {φ ∈ ZZ: Γφ contains no cycle} is H-ambivalent.
Proof. As in the previous proposition, note that N is not co-Haar null because its complement has nonempty interior. Now
choose a sequence {ci}i∈Z as follows. For all i ∈ Z, choose ci large enough so that |i| < −pi + ci . Let ψK (i) = ci for all i ∈ Z.
The claim is that K + ψK ⊆N . Let γ ∈ K . Then for any i ∈ Z, we have |i| < −pi + ci  (γ + ψK )(i), and so Γγ+ψK can have
no cycle. 
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